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Abstract
All the Doubly Special Relativity (DSR) models studied in literature so far involve a
deformation of the energy conservation rule that forces us to release the hypothesis
of the additivity of the energy for composite systems. In view of the importance
of the issue for a consistent formulation of a DSR statistical mechanics and a DSR
thermodynamics, we show that DSR models preserving the usual (i.e. additive)
energy conservation rule can be found. These models allow the construction of a
DSR-covariant extensive energy. The implications of the analysis for the dynamics of
DSR-covariant multiparticle systems are also briefly discussed.
1 Introduction
Doubly Special Relativity has been proposed as a possible two-scale extension of Special Relativity [1,
2, 3, 4, 5]. The introduction of the second invariant scale λ, eventually connected with the Planck
length/energy, leads to some departures from Special Relativity already manifesting at the kinematical
level. It has been clear from the beginning [1], that the two most immediate consequences of the intro-
duction of this new invariant scale are: for a single particle, the possibility to get a modification of the
energy-momentum dispersion relation (and a consequent possible modification of the relation between
particle’s velocity and particle’s energy, see also [6, 7]); for composite systems, the modification of the
energy-momentum conservation rules (see also [8] and references therein).
On a theoretical ground however, whereas the modification of the free propagation does not seem to
lead to inconsistencies, the modification of the energy-momentum conservation laws appears to be trou-
blesome. In [9] (see also [10]) a procedure to construct all-order (in the Planck scale) energy-momentum
conservation rules has been proposed. When applied to the known DSR models, this procedure produces
modifications of both the energy and the spatial momentum conservation rule. Similar modifications
are encountered adopting procedures based on non-trivial co-products (see [11, 12, 13] and references
therein).
In these scenarios, in which the energy and the spatial momentum conservation laws are both modified,
the deformation of the energy conservation rule appears to be particularly troublesome since it directly
leads to difficulties in the construction of DSR-covariant multiparticle systems, statistical mechanics and
thermodynamics. Nevertheless DSR-based statistical mechanics has been proposed in [14] and there are
a number of studies in the field of cosmology and black-hole physics (see for example [15, 16, 17, 18, 19])
that construct thermodynamical quantities from DSR-motivated energy-momentum dispersion relations.
As first noticed in [20], the fact that the total energy of the system cannot be covariantly defined as
the sum of the energies of the particles composing the system (Esystem 6= E1 + E2 + ... + En), has the
implication that the energy fails to be a fully DRS-covariant extensive quantity.
Moreover, if we define with
⊕
the composition law of the energies and with E1, E2, E3 the energies of
three subsystems which we think the original system composed of, for all the models proposed in literature
so far, we get ES = E1
⊕
E2
⊕
E3 6= E1
⊕
(E2
⊕
E3) 6= (E1
⊕
E2)
⊕
E3, which means that the energy
of the system should depend on the particular way we order the subsystems. The same conclusion
holds for the mass of the system (i.e. the zero-momentum energy) that should change depending on the
particular choice of the decomposition.
Another problem related to the missing additivity of the energy is the so called “spectator problem”.
This problem manifests in the fact that the evolution of a single particle strongly depends on how one
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considers the particle as a part of a larger system. We will discuss in more detail this problem in the
next sections.
All the above mentioned problems are automatically absent in every relativity scheme in which the
energy of a set of particles is simply the sum of the energies of the single particles composing the system,
as it is the case in Galilean Relativity and in Special Relativity. In the next sections we will show that
also in DSR there is no need to renounce to the hypothesis of the additivity of the energy.
2 DSR models preserving the additivity of the energy
2.1 The general procedure
We start our analysis by requiring the covariance of the undeformed energy conservation law in a n-to-m
particle scattering process:
n∑
α=1
E(α) =
m∑
β=1
E(β), (1)
under the boost action obtained by commutators of the type δkE = ξ[Nk, E], where [Nk, E] = πk(~p, λ)
2.
One gets:
n∑
α=1
π
(α)
k (~p, λ) =
m∑
β=1
π
(β)
k (~p, λ). (2)
The covariance of (2) then implies that
n∑
α=1
3∑
i=1
[Nj , p
(α)
i ]
∂π
(α)
k
∂pi
=
m∑
β=1
3∑
i=1
[Nj, p
(β)
i ]
∂π
(β)
k
∂pi
. (3)
The above equations are simply solved if the commutators [Nj , pi] satisfy the relations
3∑
i=1
[Nj , pi]
∂πk
∂pi
= Eδjk. (4)
The linear system (4) can be easily solved with respect to [Ni, pj ] providing the action of the boosts
on the spatial momenta:
[Ni, pj ] = E
(
∂π
∂p
)
−1
ij
, (5)
where we have used the shorthand notation
(
∂pi
∂p
)
ik
= ∂pik
∂pi
.
From the action of the boosts on the energy and on the spatial momenta one immediately deduces
the form of the dispersion relation:
E2 − ~π2(~p, λ) = m2. (6)
2.2 An explicit realization
To do an explicit example of a DSR model allowing undeformed energy conservation law, let us consider
boost actions given by the commutators:
[Ni, E] =
pi
(1− λp)
, (7)
[Ni, pj] = E(1− λp)
(
δij − λ
pipj
p
)
. (8)
2We assume, as usual, that the Lorentz group SO(3, 1) is undeformed.
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The energy-momentum dispersion relation then is given by
E =
√
m2 +
p2
(1 − λp)2
. (9)
It is straightforward to verify that, when the spatial momentum approaches the (invariant) Planck
momentum, p→ λ−1, the energy diverges.
Covariant generalizations of the conservation rules are:
n∑
α=1
E(α) =
m∑
β=1
E(β), (10)
n∑
α=1
~p (α)
(1− λp (α))
=
m∑
β=1
~p (β)
(1− λp (β))
, (11)
that preserve the additivity of the energy.
3 Implications for the multiparticle dynamics
A “spectator problem” manifests in DSR when one tries to define the dynamics of DSR systems through
the usual canonical/Heisenberg evolution scheme. Technically the problem is due to the fact that the
time-evolution operator is bilinear in its two arguments, whereas the Hamiltonian of the system, which
is the generator of the time evolution, depends nonlinearly on the Hamiltonians of the subsystems.
To be more specific let us consider a n-particle system whose Hamiltonian is
HS = HS (H1, H2, ..., Hn) , (12)
and a generical observable O(k)(p(k)) associated to the k-th particle of the system.
We get for the evolution of the observable
[O(k)(p(k)), HS ] = [O
(k)(p(k)), Hk]
∂HS(p
(1), p(2), ..., p(n))
∂Hk
, (13)
If the additivity of the energy is missing, the evolution of the observable O(k)(p(k)) depends, through the
term ∂HS(p
(1),p(2),...,p(n))
∂Hk
, on the state of the other particles composing the system. In this case it would
be difficult even to define the notion of “free particle” and strong (long-range) interactions would be hard
to avoid.
If instead we adopt additive energy composition law, being
HS = H1 +H2 + ...+Hn, (14)
and
∂HS(p
(1), p(2), ..., p(n))
∂Hk
= 1, (15)
we obtain
[O(k)(p(k)), HS ] = [O
(k)(p(k)), Hk], (16)
which is free from the unlikely non-local effects.
3
4 Comparison with a previous analysis
In Ref. [21] a model has been studied in which both the energy and the spatial momentum compose
linearly. The energy-momentum dispersion relation analyzed in Ref. [21] is the one originally proposed
in [10]:
E2 = p2 +m2
(
1 +
2k
m
E
)
. (17)
The authors of Ref. [21] find that the energy-momentum dispersion relation (17) is covariant under
the linear, but inhomogenus, boost action given by
p′µ = Λµνp
ν + (δµ0 − Λ
µ
0 )mk, (18)
where the Einstein notation has been used for the energy-momentum vector pµ ≡ (E, ~p) and for the
Lorentz transformation tensor Λµν . k is a deformation parameter.
The linearity of the composition of both the energy and the spatial momentum follows directly from
the linearity of the boost action (18).
However, from the point of view of a scattering process, as analyzed in the previous sections, important
differences emerge with respect to the special relativistic conservation laws. In fact, if we consider an
n-to-m particle scattering process, the request of covariance of the conservation laws:
n∑
α=1
E(α) =
m∑
β=1
E(β), (19)
n∑
α=1
~p (α) =
m∑
β=1
~p (β), (20)
under the action of (18), also implies that
n∑
α=1
km(α) =
m∑
β=1
km(β). (21)
Equation (21) results as a constraint on the allowed particle scattering. To better understand the
meaning of this constraint we have to make explicit the relation among the parameter k, the particle
mass m, and the Planck parameter λ we used in this paper. Various possibilities have been discussed in
the same Ref. [21]. The cases there taken in to the account are: k ∝ λ, k ∝ mλ and k ∝ λ/m.
In the first case (k ∝ λ) we would get
n∑
α=1
m(α) =
m∑
β=1
m(β), (22)
in the second case (k ∝ mλ) we would get
n∑
α=1
m2(α) =
m∑
β=1
m2(β), (23)
whereas, in the third case (k ∝ λ/m), we would obtain n = m.
In the first two cases (k ∝ λ, k ∝ mλ) the constraints regard the relations between the masses of the
incoming particles and that of the outcoming particles. In the third case (k ∝ λ/m), the constraint only
allows scattering processes preserving the particle number (n = m). All the constraints we have found
are violated in the observed scattering processes3. Thus, we have to conclude that the model presented
in Ref. [21] is not viable from the perspective adopted in this paper.
3Notice that for massless particles the constraints are trivially satisfied but, in that case, the model simply reduces to
Special Relativity.
4
5 Conclusions
We have shown that the non-additivity of the energy is not a common feature of DSR theories. In the
framework of DSR theories with additive-energy composition law one avoids many problems that mine
the consistency of DSR statistical mechanics and DSR thermodynamics. In particular: i) the energy
(and the mass) of a composite system is a extensive quantity; ii) the energy (and the mass) of a system
does not depend on how one thinks a system decomposed in subsystems; iii) the time evolution of
multiparticle systems, obtainable by means of the usual canonical/Heisenberg formalism, is free from
long-range nonlocal effects.
Acknowledgements
The author thanks Giovanni Amelino-Camelia for the valuable suggestions, and Daniele Oriti for ospitality
at DAMTP in Cambridge (UK) where this work was initiated. The author also thanks the authors of
Ref. [21] for having brought their paper to his attention.
References
[1] G. Amelino-Camelia, “Testable scenario for relativity with minimum-length”, Phys. Lett. B510, 255
(2001), hep-th/0012238.
[2] G. Amelino-Camelia, “Relativity in space-times with short-distance structure governed by an
observer-independent (Planckian) length scale”, Int. J. Mod. Phys. D11, 35 (2002), gr-qc/0012051.
[3] J. Kowalski-Glikman, “Observer independent quantum of mass”, Phys. Lett. A286, 391 (2001),
hep-th/0102098.
[4] N. R. Bruno, G. Amelino-Camelia and J. Kowalski-Glikman, “Deformed boost transformations that
saturate at the Planck scale”, Phys. Lett. B522, 133 (2001), hep-th/0107039.
[5] J. Magueijo and L. Smolin, “Lorentz invariance with an invariant energy scale”, Phys. Rev. Lett. 88
(2002) 190403, hep-th/0112090.
[6] M. Daszkiewicz, K. Imilkowska and J. Kowalski-Glikman, “Velocity of particles in doubly special rel-
ativity”, Phys. Lett. A323 (2004) 345, hep-th/0304027. P. Kosinski and P. Maslanka, “On the defini-
tion of velocity in doubly special relativity theories”, Phys. Rev.D68 (2003) 067702, hep-th/0211057.
S. Mignemi, “On the definition of velocity in theories with two observer-independent scales”, Phys.
Lett. A316 (2003) 173, hep-th/0302065.
[7] T. Tamaki, T. Harada, U. Miyamoto and T. Torii, “Particle velocity in noncommutative space-time”,
Phys. Rev.D66 (2002) 105003, gr-qc/0208002. G. Amelino-Camelia, F. D’Andrea and G. Mandanici,
“Group velocity in noncommutative spacetime”, JCAP 0309 (2003) 006, hep-th/0211022.
[8] G. Amelino-Camelia, J. Kowalski-Glikman, G. Mandanici and A. Procaccini, “Phenomenology of
doubly special relativity”, Int.J.Mod.Phys. A20 (2005) 6007-6038, gr-qc/0312124.
[9] S. Judes and M. Visser, “Conservation Laws in “Doubly Special Relativity””, Phys. Rev.D68 (2003)
045001 [arXiv:gr-qc/0205067].
[10] J. Magueijo and L. Smolin, “Generalized Lorentz Invariance With An Invariant Energy Scale”, Phys.
Rev. D67 (2003) 044017, gr-qc/0207085.
[11] J. Kowalski-Glikman and S. Nowak, “Doubly special relativity theories as different bases of kappa-
Poincare algebra”, Phys. Lett. B539 (2002) 126, hep-th/0203040. J. Lukierski and A. Nowicki,
“Doubly Special Relativity versus κ-deformation of relativistic kinematics”, Int.J.Mod.Phys. A18
(2003) 7-18, hep-th/0203065.
5
[12] J. Kowalski-Glikman, “Introduction to Doubly Special Relativity”, Lect.Notes Phys.669 (2005) 131-
159, hep-th/0405273.
[13] G. Amelino-Camelia, “Doubly Special Relativity: First Results and Key Open Problems”,
Int.J.Mod.Phys. D11 (2002) 1643, gr-qc/0210063.
[14] J. Kowalski-Glikman, “Doubly special quantum and statistical mechanics from quantum κ-Poincare
algebra”, Phys. Lett. A299 (2002) 454-460, hep-th/0111110.
[15] S. Alexander and J. Magueijo, “Noncommutative geometry as a realization of varying speed of light
cosmology”, hep-th/0104093.
[16] S. Kalyana Rama, “Some Consequences of the Generalised Uncertainty Principle: Statisti-
cal Mechanical, Cosmological, and Varying Speed of Light”, Phys.Lett. B519 (2001) 103-110,
hep-th/0107255.
[17] G. Amelino-Camelia, M. Arzano, Y. Ling, G. Mandanici, “Black-hole thermodynamics with modified
dispersion relations and generalized uncertainty principles”, Class.Quant.Grav. 23 (2006) 2585-2606,
gr-qc/0506110.
[18] Kourosh Nozari, A.S. Sefiedgar, “Comparison of approaches to quantum correction of black hole
thermodynamics”, Phys.Lett.B635 (2006) 156-160, gr-qc/0601116.
[19] P. Galan, G. A. Mena Marugan, “Entropy and temperature of black holes in a gravity’s rainbow”,
Phys.Rev.D74 (2006) 044035, gr-qc/0608061.
[20] J. Rembielinski, K. A. Smolinski, “Unphysical predictions of some doubly special relativity theories”,
Bull.Soc.Sci.Lett.Lodz 53 (2003) 57-63, hep-th/0207031.
[21] A.A. Deriglazov, B.F. Rizzuti, “Position space versions of Magueijo-Smolin doubly special relativity
proposal and the problem of total momentum.”, Phys.Rev.D71 (2005) 123515, hep-th/0410087.
6
